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z-y—x-Ply)—y- - Pr)=

= ab (|1 = |FIP) = ab(h+f)- P (b~ f) —ab(h—])-P(h+ f) =

= ab (B2 = A2 + A1+ 007) = ab (1Al + 171) = ab = ] ls]

According to substitution y := —y which transform inequality (1) to
inequality (2) we obtain equality condition in inequality (2) : z = a(h + f),
y = b(f — h), where a, b be arbitrary positive real numbers and h € F L

f e Fwith R + A1 = 1.

So, in inequality (3) equality occurs if z =a(h+ f), y =b(h — f), where
a,b be arbitrary real numbers and k € F!, f € F with |[h]|* + || f]I* = 1.
Comment. Since z - P (y) = y - P () inequality (3) can be rewritten in
assymetric form

-y =2z P(y) < |l=ll iyl or |z-y—2y-P ()] < ]|yl

W38. (Solution by the proposer.) We have the following:

47 427 41

2 > V8T =2T > ¢
for x € R, so

4T 492 41
4% 4+ 9% + 1 > 3z, Sl B
M

for all z > 0 and

4% + 27 + 1\* , 4% 4+ 27 +1\*
(———+$ + ) >3 > 2% so (—————+ + ) -2 >0
X

for all z > 0. We prove that

(14 2% +4%) < 2% (1 + 27)

for all 2 € (0, 2). We take f (z) = (1 +2% +47)" and g (z) = 2% (1 + 27),

when f is strivtly increasing function,
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% 2L ilinf()<f(:r)<f<) f(%)
c (o,

for all z € (0, %] —21—]
1 1
x) < — —
1<rw=i(3) < (5)
for all z € (0, ] . We have g (x) >0, z € (0, i} and

¢ (z) = 2% In (ex) + (22)" In (2ex) ,
0< ex <2ex <1so0

In(ex) < In(2ez) < 0 and ¢’ (z) <0

so g is strictly decreasing.

(216) =4 (é) <g(z) < limg(x) =2

f(é)<g(%>§g($)<2

and f (z) < g(z) for all z € (0, 5] - Using the Bernoulli’s inequality , we take

S0

(1+2)* <1+azforz>—1and a € (0,1)

SO

6
6L6Y2+ 691 <22<64< (%H)

etc.
Second solution. 1.
4% + 2% +1\” 4% 427 + 1\°
0< (——j—m—+—> _9 = T < (—L:—) — 0 < 4°4+2% 412z
T

Since a = e > zlna + 1,for a > 1 and = > 0 then

4‘”+2“‘"+1—2$>2mln2+1+x1n2+1+1—2m=(31n2—2)m+3>0
(because:n>0and2\/§>2‘1.4———2.8>e — 8>¢2 = 3In2>2).
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2.
47 490 41\ " 47 4 9% 4 1 1
(g) —2$<1<:>L<(1+2$)m.
T ;

1 ‘
Since — > 2¢ > 1 then, applying inequality (14 ¢)“ > 1 + ta + (;) 2, w
x
1
hich holds for any ¢ > 0 and any o > 1, to ¢ = 2% o= — w e obtain
x

1
T

(1+2%) >

11 /1 20 4T(1—z) 2 41—
——1)(@25?=1 — — =
( )( ) 227 7 a2

>1+2% -4 — +— +
r 2x\zx x

Thus, suffices to prove

4% + 27 411 2% 4% (1 —=x
EEFHL 7 e
T €T 2z
x _ x —_
4””’4—2“”+1<2m-1—M — 4"L’+1<ar+4—u —
2z 2z
4% (1 — x)

1
= APl — e 2<4”(——3>.
2z x

1
Since 26 — 5> 0> 0 and 4% > 1 then — — 3 > 2e — 3 > 2 and, therefore,
T

1 1
4””(——3)>——3>2.
x T .

Arkady Alt

W39. (Solution by the proposer.) We first prove that

VI T »

a; +a; Ti+ x5

This is equivalent to

(@i +a;)* _ (i +2;)?
aia; T mimy




